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Abstract 
Kemeny, J.G.. Largest prime factor, Journal of Pure and Applied Algebra 89 (1993) 181-186. 
Two results are obtained about P(n), the largest prime factor of an integer n. The average 
value of P(n)/n is asymptotically c(2)ilog II. The asymptotic probability that P(n) >v’?i is 
log 2. 
Let P(n) be the largest prime factor of an integer n. We will consider two 
questions: On the average how large is the fraction P(n)/n? What is the 
probability that P(n) > v?i? 
For completeness, let P( 1) = 1, and define 
S(n) = i q 
We will prove the following theorem: 
Theorem 1. 
(1) 
lim log s(n) = ((2). 
,I-= y1 
The following corollary then follows from the Prime Number Theorem: 
Corollary 2. 
Since for a prime P(k) = k, each prime contributes 1 to s(n), the primes 
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contribute a total of 1 to the limit. The non-primes contribute l(2) - 1, or about 
.645. 
And we can answer the first question: 
Corollary 3. 
S(n) In - <(2)/lag n . q 
Proof of Theorem 1. Let 4 = k/P(k) and N(n, 
value of the ratio for k 5 n. The value of 4 is 
k/q is a prime, and (b) P(q) 5 k/q. Thus 
N(n, 4) = 1 r(niq) - [r(fYq)) - 11 o 
q) be the number of times q is the 
determined by two properties: (a) 
if positive , 
otherwise (2) 
The first term gives the number of values of k for which (a) is satisfied, while 
the second gives the number of these for which (b) fails. Incidentally, since the 
sum of N(n, q) on q must be n, we obtain an interesting identity. 
We can now write 
S(n) = 2 N(n, 4). i . 
r,= I
Let s = [v’%] and break the sum at s. Since 
(3) 
N(n, q) 5 77(niq) 5 n/q 
we have 
and when we multiply by log n/n the limit is 0. Hence the limit in Theorem 1 
comes from the terms in (3) with q 5 s. For these the formula in (2) is positive. 
Consider the contribution of the second term in (2). Since v(P( q)) 2 q, 
i [Tr(P( q)) - l] + < S 5 fi 
‘, = I 
and again the limit is 0. Thus the limit is the same as 
lim log i n(n/q) . i ,l’Z n 
‘, = I 
(4) 
We introduce a sequence of functions on the integers 
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f,(i) = 




By the Prime Number Theorem, for large II 
f,(i) -i 
nlj log II log 12 .p.-= 
log(nlj) n log n - log j 
~ 1 




log t2 - log J 
since j I x%. Thus the functions (5) are bounded and converge to the constant 
function 1. Hence for any finite measure j_~, 
x r 
& C Aj)f,(j) = C p(j) (6) 
J=I ]=I 
by Dominated Convergence. Then (4) is of the form (6), with j_~( j) = l/j’. Thus 
the limit is the sum of the p(j), or i(2). q 
For the second problem we let 
L(n) = number of k I n such that P(k) > -\/ft 
and we want the asymptotic behavior of L(n) in. We again let s = [v%] and 
introduce the sums 
r(n)=i m(j), U(n) = i r(n/j) . 
j=I ]=I 
Lemma 4. For all integers II, U(n) = L(n) + T(n). 
Proof. We will compute U(n) by summing U(k) - U(k - 1). 
U(k) - CJ(k - 1) = y [-[r, - -iy], 
j=l 
+ I if k is a square . 
When we sum, the second term contributes rr( j) for all j such that j” 5 n. Hence 
we get T(n). The first term is non-zero only if there is a j 5 v%? such that jlk 
and klj is a prime. Then kij > A& and hence it must equal P(k). Thus only 
j = ki P(k) makes a contribution, and only if P(k) > fi. The first term is 1 if and 
only if P(k) > fi. Hence the sum of the first term is L(n). 0 
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Lemma 5. T(n) = O(n/log n). 0 
This is trivial since the sum is less than ~4. n(v’X). 
We will estimate u(n) by comparison to an integral. The following comparison 
of sums and integrals is often useful. 
Lemma 6. Iff’(x) 5 0, f”(x) 2 0, then 
$‘, f(k) = / f(x) d x + t(f’(l) +f(n>> + 6, 3 
I 
where E,, is monotone increasing and 0 5 E,, 5 - i f”( 1). 
Proof. Note that E,, is the difference between the trapezoid estimate of the 
integral and the value of the integral. Since for convex functions the trapezoid 
rule overestimates, E,, is non-negative and increasing. The upper bound is 
obtained from a careful estimate of the error on [k, k + 11 and summing 
these. 0 
For example, if f(x) = 1 ix, we obtain that the harmonic sum is asymptotically 
logn+c, andiscs$. 
Lemma 7. For 0 5 a < 1. 
L 5 n-(n/j) = log(&) + O(k) . 
n ,=I 
Proof. Since nlj I n’-“, we can apply asymptotic estimates. Using the crude 
estimate 
we have 
t r(n/j) = 
1 




j(log rz - log j)? ) 
Let 
1 1 
f(x) = x(log y1 - log X) ’ g(x) = x(log n - log x)’ 
For large n, and x 5 y1”, f and g satisfy the conditions of Lemma 6. We need to 
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c f(i) and c g(i). 
The respective antiderivatives are 
Hence the 
Hence the 
F(x) = -log(log n - log x) and G(x) = 1 /(log II - log x) , 
F(n”) - F(1) = log 
-f’(l) = 
logn-1 
(log n)’ . 
first sum is log(l/(l - a)) + O(lil0g n). 
G(n”) - G(1) = & & . 
second sum is O(l/log n). q 
Theorem 8. lim ,,,,%(n) = log 2. 
Proof. 
L(n)/n = U(n)ln - T(n)ln (by Lemma 4). 
U(n)ln = log2 + O(l/log n) (by Lemma 7 with a = 4). 
T(n)ln = O(l/log n) (by Lemma 5) . 
Hence 
L(n) in = log 2 + O( 1 /log n) . 0 
Thus the probability that P(n) > v’Fi is asymptotically log 2. 
Historical note. The author consulted P. Erdiis as to whether the first theorem 
was new. While the particular result was not known to Erdos, he did call the 
author’s attention to [l], a paper not previously familiar to the author. In this 
paper Alladi and Erdiis prove, among other interesting results, that 
2 P(k)- & 
k=l 
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This follows from Theorem 1 by partial summation. And the current paper uses 
much simpler methods than those of [l]. 
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